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H[LVWHQFH DQG QDVK LPSOHPHQWDWLRQ RI HIILFLHQW
VKDULQJ UXOHV IRU D FRPPRQO\ RZQHG WHFKQRORJ\
Oxlv Frufköq ) P1 Vrfruur Sx|
DEVWUDFW
Vxssrvh wkdw d jurxs ri lqglylgxdov rzqv froohfwlyho| d whfkqrorj| zklfk sur0
gxfhv d frqvxpswlrq jrrg e| phdqv ri d +srvvleo| khwhurjhqhrxv, lqsxw1 D
vkdulqj uxoh dvvrfldwhv lqsxw frqwulexwlrqv zlwk d yhfwru ri frqvxpswlrqv wkdw
duh whfkqrorjlfdoo| ihdvleoh1 Zh vkrz wkdw wkh vhw ri doorfdwlrqv rewdlqhg e| dq|
frqwlqxrxv vkdulqj uxoh frqwdlqv d vxevhohfwlrq wkdw lv Sduhwr h!flhqw1 Zh dovr
suhvhqw d phfkdqlvp wkdw lpsohphqwv lq Qdvk htxloleulxp wkh Sduhwr h!flhqw
doorfdwlrqv frqwdlqhg lq dq duelwudu| vkdulqj uxoh1
MHO fodvvlfdwlrq= G8384> O6465> K;5> S461
ki)Lh_t= H!flhqf|> Lpsohphqwdwlrq> Vkdulqj Uxoh1
41 Lqwurgxfwlrq
Frqvlghu d jurxs ri shrsoh rzqlqj d whfkqrorj| zklfk wudqvirupv d srvvleo|
khwhurjhqhrxv lqsxw +oderu, lq dq krprjhqhrxv rxwsxw +frqvxpswlrq,1 Lqsxwv duh
dovr surylghg e| wkh rzqhuv1 Glhuhqw sursrvdov rq krz wr glvwulexwh wkh rxwsxw
fdq eh irxqg lq wkh olwhudwxuh1
Iurp wkh srlqw ri ylhz ri idluqhvv vrph dxwkruv kdyh wudqvodwhg sklorvrsklfdo
fulwhuld lqwr vroxwlrq frqfhswv lq wkh fodvv ri hqylurqphqwv lq zklfk wkh lqsxw
lv krprjhqrxv= Urhphu dqg Vloyhvwuh +4<;;, sursrvhg wkh Sursruwlrqdo Vroxwlrq
dqg wkh Htxdo Ehqhw Vroxwlrq/ Pdv0Frohoo +4<;3, sursrvhg wkh Frqvwdqw Uhwxuqv
Htxlydohqw Vroxwlrq1 Vhyhudo fkdudfwhul}dwlrqv ri wkhvh vroxwlrqv duh surylghg lq
Prxolq +4<<3,/ Prxolq dqg Urhphu +4<;<,/ dqg Pdqltxhw +4<<9,1 Zkhq khwhurjh0
qrxv lqsxwv duh frqvlghuhg/ rwkhu vroxwlrqv kdyh ehhq sursrvhg= Htxdo Vkdulqj/
Pdujlqdo Frvw Uxoh/ Dxpdqq0Vkdsoh| Sulfhv/ Uhihuhqfh Zhoiduh Htxlydohqw Exg0
jhw/ hwf1 +vhh Dxpdqq dqg Vkdsoh| +4<:7,/ Eloohud dqg Khdwk +4<;5,/ Prxolq
+4<;:,/ Wdxpdq +4<;;,/ Sqjvwhq +4<<4, dqg Iohxuedh| dqg Pdqltxhw +4<<9,,1
Lq wklv qrwh zh dssurdfk wklv sureohp iurp d glhuhqw dqjoh1 Zh irfxv rxu
dwwhqwlrq rq frqwudfwv wkdw duh rhuhg wr wkh rzqhuv ri wkh lqsxwv1 Zh dvvxph
wkdw wkh txdqwlw| ri lqsxwv lv frqwudfwleoh exw suhihuhqfhv duh qrw1 Wkhvh frq0
wudfwv/ wkdw zh zloo fdoo Vkdulqj Uxohv/ duh d ixqfwlrq zklfk vshflhv wkh olvw
ri frqvxpswlrqv ghshqglqj rq lqsxw frqwulexwlrqv1 Wkh vkdulqj uxoh wrjhwkhu
zlwk wkh txdqwlw| ri lqsxwv ghwhuplqh lqfrph glvwulexwlrq lqvlgh wkh up1 Lw lv
zruwk wr qrwlfh wkdw lq vslwh ri wkh glhuhqw prwlydwlrqv/ doo vroxwlrqv phqwlrqhg
deryh txdoli| dv 5@h?} +*it h{fhsw wkh frqvwdqw uhwxuq htxlydohqw vroxwlrq +wkh
lghd ri h{suhvvlqj wkh vkduh ri rxwsxw lq whupv ri wkh lqsxwv dsshduhg lq Prxolq
+4<<3,/ s1778 iru wkh sursruwlrqdo dqg wkh htxdo ehqhw vroxwlrqv,1 Rxu dqdo|wl0
fdo wdvn frqvlvwv lq fkhfnlqj zklfk 5@h?} +*it vdwlvi| wzr edvlf uhtxluhphqwv=
H!flhqf| dqg Lpsohphqwdelolw|1
Iluvwo|/ zh irfxv dwwhqwlrq rq wkrvh 5@h?} +*it zklfk duh frpsdwleoh zlwk
Sduhwr h!flhqf|/ zklfk zh fdoo H!flhqw Vkdulqj Uxohv1 Lw lv zhoo nqrzq wkdw
wkh sursruwlrqdo dqg wkh htxdo ehqhw vroxwlrqv duh H!flhqw Vkdulqj Uxohv1 Zh
jhqhudol}h wkhvh uhvxowv e| vkrzlqj wkdw dq| frqwlqxrxv vkdulqj uxoh lv dq h!flhqw
vkdulqj uxoh lq wkh vhw ri fodvvlfdo hfrqrplhv +frqwlqxrxv dqg frqyh{ suhihuhqfhv,1
Rxu surri lv lqvsluhg e| wkh surri ri Qhjlvkl +4<93, ri wkh h{lvwhqfh ri d Zdoudvldq
Htxloleulxp1
Vhfrqgo|/ zh frqvlghu wkh lqfhqwlyh surshuwlhv ri h!flhqw vkdulqj uxohv1 D vkdu0
lqj uxoh wkdw jlyhv lqfhqwlyhv wr glvwruw suhihuhqfhv ru surgxfwlylwlhv fdq qrw eh
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uhjdughg dv vdwlvidfwru|1 Urhphu +4<;;,/ Jhyhuv +4<;9, dqg Pdqltxhw dqg Iohxu0
edh| +4<<9, vkrzhg uhvshfwlyho| wkdw wkh sursruwlrqdo/ wkh htxdo ehqhw vroxwlrq
dqg wkh uhihuhqfh zhoiduh htxlydohqw exgjhw duh Qdvk lpsohphqwdeoh4/ l1h1 wkhuh lv
d phfkdqlvp zkrvh Qdvk htxloleulxp vwudwhjlhv jhqhudwh wkh ghvluhg doorfdwlrqv1
Vxk +4<<8, lqwurgxfhg d phfkdqlvp wkdw lpsohphqwv wkh sursruwlrqdo vroxwlrq
lq Qdvk/ xqgrplqdwhg Qdvk dqg Vwurqj htxloleuld1 Vklq dqg Vxk +4<<:, surylgh
d vlpsoh phfkdqlvp zklfk grxeo| lpsohphqwv d fodvv ri vroxwlrqv lq Qdvk dqg
vwurqj htxloleulxp1 Lq wklv sdshu zh surylgh d vlpsoh phfkdqlvp wkdw lpsohphqwv
lq Qdvk htxloleulxp hyhu| h!flhqw vkdulqj uxoh lq wkh vhw ri fodvvlfdo hfrqrplhv
zkhq wkhuh duh dw ohdvw wkuhh lqglylgxdov51 Zh dvvxph wkdw wkh sodqqhu nqrzv wkh
vkdulqj uxoh exw qrw wkh suhihuhqfhv ri wkh djhqwv wkdw ghwhuplqh wkh vhw ri Sduhwr
h!flhqw doorfdwlrqv iru hdfk hfrqrp|1 Rxu surfhgxuh kdv wkh dgydqwdjh ryhu Vklq
dqg Vxk*v wkdw rxu frqglwlrqv rq wkh vroxwlrqv wr eh lpsohphqwhg duh hdv| wr fkhfn
dqg wkh| lqfoxgh hfrqrplhv zlwk khwhurjhqhrxv lqsxwv/ exw wkh glvdgydqwdjh wkdw
zh rqo| lpsohphqw lq Qdvk htxloleulxp1
Rxu phfkdqlvp kdv ehhq lqvsluhg e| wkh fdqrqlfdo phfkdqlvp xvhg lq Qdvk
lpsohphqwdwlrq1 Shrsoh duh duudqjhg lq d flufoh dqg hdfk djhqw sursrvhv wkh
dprxqw ri lqsxw vxssolhg e| klp dqg wkh djhqw qh{w wr klp1 Wkuhh fdvhv duh wkhq
lghqwlhg=
Iluvw/ zkhq wkh dprxqw ri lqsxw sursrvhg e| hdfk djhqw frlqflghv zlwk wkh
dprxqw vxjjhvwhg e| khu prqlwru1 Lq wklv fdvh wkh phfkdqlvp glvwulexwhv wkh
rxwsxw dffruglqj wr wkh vkdulqj uxoh1
Vhfrqg/ zkhq wkhuh duh/ dw prvw/ wzr frqvhfxwlyh djhqwv zkrvh sursrvdov glhu
iurp zkdw zdv sursrvhg iru wkhp1 Wkhq/ wkh djhqw zlwk wkh orzhvw lqgh{ +wkh
glvvlghqw, kdv wkh uljkw wr fkrrvh dq doorfdwlrq lq d fhuwdlq exgjhw vhw wkdw lv rqo|
surwdeoh li kh kdv ghyldwhg iurp d qrq h!flhqw doorfdwlrq1 Vlqfh d ghyldwlrq fdq
rqo| kdsshq li wkh prqlwru ri wkh glvvlghqw kdv wulhg wr irro wkh phfkdqlvp/ wkhq
wkh prqlwru lv vhyhuho| qhg= kh jhwv }hur frqvxpswlrq dqg kdv wr frqwulexwh xs
wkh pd{lpxp dprxqw ri oderu1 Doo rwkhu djhqwv rewdlq vrph duelwudu| exqgoh1
Wklug/ iru dq| rwkhu phvvdjh lw lv qrw srvvleoh wr lghqwli| wkh glvvlghqw1 Wkxv
wklqjv duh yhu| pxgg| dqg wkh phfkdqlvp kdv wr uh hfw wkdw1 Lq wklv fdvh/ wkh
phfkdqlvp glylghv wkh djhqwv lqwr wzr jurxsv= wkh rqhv wkdw frqvxph exw gr qrw
zrun/ dqg wkh rqhv wkdw zrun exw gr qrw frqvxph/ lq vxfk d zd| wkdw wkh djhqwv
4Lpsohphqwdwlrq lq grplqdqw vwudwhjlhv lv xvxdoo| lpsrvvleoh1 Krzhyhu vhh Vfkphlgohu dqg
Wdxpdq +4<;<, iru d fdvh lq zklfk lw lv srvvleoh1
5Zh frqvlghu dgyhuvh vhohfwlrq sureohpv rqo|1 Prudo kd}dug lq whdpv lv frqvlghuhg lq Krop0
vwurp +4<;5,1
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ri wkh vhfrqg jurxs dozd|v kdyh lqfhqwlyh wr ghyldwh wkh phfkdqlvp wr wkh vhfrqg
fdvh1 Qrwlfh wkdw/ frqwudulo| wr zkdw kdsshqv lq wkh fdqrqlfdo phfkdqlvp/ djhqwv
gr qrw sod| lqwhjhu jdphv1
Rxu frqvwuxfwlrq dyrlgv vrph ri wkh fulwlflvp pdgh e| Mdfnvrq +4<<5, wr
Pdvnlq0w|sh phfkdqlvpv= Phvvdjh vsdfhv duh erxqghg dqg wkxv/ wkhuh lv dozd|v
d ehvw uhso| iru hdfk djhqw1
51 Wkh Prgho dqg wkh Pdlq Uhvxowv
Wkhuh lv rqh frqvxpswlrq jrrg surgxfhg iurp d yhfwru ri srvvleo| khwhurjhqrxv
lqsxwv xvlqj d sxeolfo| rzqhg whfkqrorj|1
Wkhuh duh ? lqglylgxdov lqgh{hg e| 1 Ohw  ' ic c ?j1 Wkh| duh hqgrzhg zlwk
7 5 Un / xqlwv ri lqsxw
61 Hdfk lqglylgxdo frqvxpswlrq vhw lv ghqhg e|=
['

E%c G % 5 Unc  5

fc 

zkhuh % lv djhqw *v frqvxpswlrq dqg  lv lqsxw frqwulexwlrq1 Hdfk djhqw kdv
suhihuhqfhv ghqhg rq [/ wkdw fdq eh uhsuhvhqwhg e| d xwlolw| ixqfwlrq
 G [ $ U
Wkh xwlolw| ixqfwlrq lv dvvxphg wr eh frqwlqxrxv/ frqfdyh/ vwulfwo| lqfuhdvlqj lq
% dqg vwulfwo| ghfuhdvlqj lq 1 Wkxv
@h} 4?
E%c cM[
 E%c  '

fc 

; 5 
Wkh whfkqrorj| lv uhsuhvhqwhg e| d surgxfwlrq ixqfwlrq
s G U?n $ Un
Wkh ixqfwlrq s lv frqwlqxrxv/ lqfuhdvlqj lq hdfk frpsrqhqw/ frqfdyh/ frqwlqxrxvo|
glhuhqwldeoh lq hdfk frpsrqhqw dqg zlwk s Efc c f ' f
Zh ghqh wkh ihdvleoh vhw/ ghqrwhg e| [ dv iroorzv
[ '

E%c c c %?c ? 5 [
? G P
M
%  s Ec c ?

6Zkhq lqsxwv duh khwhurjhqrxv/ zh vkdoo frqvlghu wkdw hdfk djhqw lv hqgrzhg zlwk cl 5 U.
xqlwv ri oderu/ zkhuh hdfk cl lv frpprq nqrzohgjh1
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D ihdvleoh doorfdwlrq lv ghqrwhg e| E%c  5 [ zkhuh % ' E%c c %? dqg  '
Ec c ? 
Zh dvvxph wkdw [ lv {hg dqg xwlolw| ixqfwlrqv ydu|1 Wkxv/ dq hfrqrp|/ ghqrwhg
e|  ' Ec c ? c lv d olvw ri xwlolw| ixqfwlrqv vdwlvi|lqj wkh dvvxpswlrqv olvwhg
deryh1 Wkh vhw ri dgplvvleoh hfrqrplhv lv ghqrwhg e| H 1
Wkh Sduhwr h!flhqw vroxwlrq ). G H $ [ dvvrfldwhv wr hdfk hfrqrp| lq wkh
grpdlq wkh vhw ri Sduhwr H!flhqw doorfdwlrqv iru wklv hfrqrp|1 Irupdoo|/
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Zh qh{w lqwurgxfh wkh frqfhsw ri d vkdulqj uxoh1 D vkdulqj uxoh lv d frqwudfw wkdw
vshflhv wkh frqvxpswlrqv dv d ixqfwlrq ri lqsxwv frqwulexwlrqv1
D Vkdulqj Uxoh  ' Ec c ? lv d froohfwlrq ri ixqfwlrqv vxfk wkdw  G
fc 7
?
$ Un ; 5  zlwk P
M
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 ; 5

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
Hdfk  |lhogv wkh frqvxpswlrq ri  dv d ixqfwlrq ri 1 Pruhryhu/  glvwulexwhv
wkh wrwdo rxwsxw1 Vrph h{dpsohv ri vroxwlrqv wkdw fdq eh h{suhvvhg dv vkdulqj
uxohv duh wkh iroorzlqj=
Wkh Sursruwlrqdo Vroxwlrq lq zklfk wkh vkdulqj uxoh lv=
 E '
s E
P
M

 iru ; 5 
zkhuh wkh dprxqw ri rxwsxw frqvxphg e| dq djhqw lv sursruwlrqdo wr wkh dprxqw
ri lqsxw wkdw vkh frqwulexwhv1
Wkh Htxdo Ehqhw Vroxwlrq/ lq zklfk wkh vkdulqj uxoh lv=
E '
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zkhuh hdfk djhqw frqvxphv dffruglqj wr wkh exgjhw frqvwudlqw lq wkh Zdoudvldq
htxloleulxp zlwk htxdo surwv1 Fohduo|/ rwkhu uxohv ri surw glvwulexwlrq dovr
txdoli| dv vkdulqj uxohv1
Wkh Htxdo Vkdulqj Vroxwlrq/ lq zklfk wkh vkdulqj uxoh lv=
 E '
s E
?
iru ; 5 
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zkhuh hdfk djhqw frqvxphv dq htxdo sduw ri wkh wrwdo rxwsxw1
Wkh Dxpdqq0Vkdsoh| sulfhv/ lq zklfk ghqrwlqj e|  5

fc 7
?
d yhfwru ri lqsxw
frqwulexwlrqv/ wkh vkdulqj uxoh lv=
 E '
]

f
Ys E|
Y
_|  iru ; 5 
zkhuh hdfk djhqw frqvxphv sursruwlrqdoo| wr wkh frqwulexwlrq ri khu lqsxw wr wkh
wrwdo surgxfwlrq1 Zkhq wkh lqsxw lv krprjhqrxv lw frlqflghv zlwk wkh sursru0
wlrqdo vkdulqj uxoh1
Ixuwkhupruh/ wkh idplo| ri phwkrgv sursrvhg e| Prxolq +4<;:, dovr txdoli|
dv vkdulqj uxohv/ lqghhg/ doo wkhvh phwkrgv duh frpsurplvh ehwzhhq wkh htxdo dqg
wkh sursruwlrqdo vkdulqj uxohv=
AIurp Prxolq +4<;:, Wkhruhp 4/ zkhuh iru hdfk > 5 Unc
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AIurp Prxolq +4<;:, Wkhruhp 8/ zkhuh iru hdfk b 5 dfc o c
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AIurp Prxolq +4<;:, Wkhruhp 9/ zkhuh iru hdfk b 5 dfc 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Ilqdoo|/ qrwh wkdw hyhu| frqyh{ frpelqdwlrq ri wkh phqwlrqhg vroxwlrqv/ lv dovr
d vkdulqj uxoh/ vhh iru lqvwdqfh Frufköq dqg Sx| +4<<;,1
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Zh dvvxph wkdw hyhu| vkdulqj uxoh yhulhv wkdw li  ' 7/ 

c c
7c nc ?

9' f
Sduhwr H!flhqf| dqg Vkdulqj Uxohv
Lq wkh vhtxho zh zloo eh lqwhuhvwhg lq wkh lqwhuvhfwlrq ri wkh Sduhwr h!flhqw vrox0
wlrqv ). dqg d jlyhq vkdulqj uxoh  / wkdw zh ghqrwh H!flhqw Vkdulqj Uxoh ).
dqg lv ghqhg e|
)
. Ec   '

E%c  5 ). E G % '  E c ; 5 


Zh qrz suryh wkdw ). h{lvwv surylghg wkdw wkh vkdulqj uxoh lv frqwlqxrxv71
Wkhruhp 4= Jlyhq  5 H dqg d frqwlqxrxv vkdulqj uxoh  / wkhq ). Ec   9' >1
Surri= Ohw k 5 {?3 zkhuh {?3 '

k 5 U?n G P
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Frqvlghu wkh sureohp=
4@ 
E%cMc
P
M
k E%c 
e| frqwlqxlw| ri  dqg frpsdfwqhvv ri [ / wkhuh dozd|v h{lvwv d vroxwlrq wr wklv
sureohp/ zklfk lv e| ghqlwlrq Sduhwr h!flhqw1
Wklv pd{lpl}dwlrq ghqhv d fruuhvsrqghqfh ghqrwhg e| / vxfk wkdw
 G {?3 $ [
E| frqfdylw| ri  dqg frqyh{lw| ri [ /  lv frqyh{ ydoxhg1 E| Ehujh*v Pd{lpxp
Wkhruhp/  lv xsshu khplfrqwlqxrxv1
Zh ghqh ( G Un 

fc 7
?
$ U iru hdfk  5  dv iroorzv=
( E%c  '  E %
Qrwh wkdw iru hyhu| / ( lv frqwlqxrxv e| frqwlqxlw| ri 
Il{ dq doorfdwlrq

	%c 	

dqg frqvlghu wkh iroorzlqj pd{lpl}dwlrq surjudp=
4@ 
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P
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7Lw fdq eh hdvlo| fkhfnhg wkdw doo wkh uxohv phqwlrqhg ehiruh duh frqwlqxrxv +iru Dxpdqq0
Vkdsoh| sulfhv/ vhh Plupdq dqg Wdxpdq +4<;3,,1
:
e| frqwlqxlw| ri hdfk ( dqg frpsdfwqhvv ri {
?3/ wkhuh dozd|v h{lvwv d vroxwlrq
wr wklv sureohp1 Wklv pd{lpl}dwlrq ghqhv d fruuhvsrqghqfh ghqrwhg e| x/ vxfk
wkdw
x G [${?3
zkhuh x lv frqyh{ ydoxhg dqg xsshu khplfrqwlqxrxv e| Ehujh*v Pd{lpxp Wkhr0
uhp1
Qrz frqvlghu wkh iroorzlqj pdsslqj
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Wklv lv d xsshu khplfrqwlqxrxv pdsslqj iurp d frpsdfw frqyh{ vhw lqwr lwvhoi/
zlwk qrq hpsw| dqg frqyh{ ydoxhv1 E| Ndnxwdql*v {hg srlqw wkhruhp/ wkhuh
h{lvw d {hg srlqw EkWc %Wc W 
Qrwlfh wkdw lw lv lpsrvvleoh wr kdyh E%W c 
W vxfk wkdw ( E%
W
 c 
W 	 f ; 5  ru
( E%
W
 c 
W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Wkhuhiruh wkh {hg srlqw yhulhv ( E%
W
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W ' f ; 5  dqg wklv lpsolhv wkdw
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Uhpdun 41 Zh vkdoo srlqw rxw wkdw wr jxdudqwhh wkh frqwlqxlw| ri wkhvh vkdulqj
uxohv/ wkh frqwlqxlw| ri sc lq vrph fdvhv/ dqg wkh frqwlqxrxv glhuhqwldelolw| ri
s duh fuxfldo1 Dv d uvw dssurdfk zh gr qrw ghdo zlwk qrq0frqwlqxrxv ru2dqg
qrq0glhuhqwldeoh whfkqrorjlhv1
Uhpdun 51 Qrwh wkdw doo wkh h{dpsohv ri vkdulqj uxohv wkdw zh kdyh douhdg| phq0
wlrqhg dv zhoo dv doo wkh frqyh{ frpelqdwlrq ri wkhvh vkdulqj uxohv duh frqwlqxrxv
vkdulqj uxohv vr wkdw wkh| duh H!flhqw Vkdulqj Uxohv1
Lpsohphqwdwlrq ri H!flhqw Vkdulqj Uxohv
D phfkdqlvp K lv d olvw
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zkhuh 7 lv wkh vwudwhj| vsdfh iru djhqw 
dqg } lv wkh rxwfrph ixqfwlrq/ pdsslqj hdfk vwudwhj| suroh lqwr dq hohphqw ri
wkh ihdvleoh vhw =
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M
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Wkh rxwfrph uhfhlyhg e| hdfk djhqw lv } Er ' E%c  
Ohw r3 wkh olvw ri vwudwhjlhv iru doo wkh djhqwv h{fhsw iru c wkhq/ wkh vhw ri Qdvk
htxloleuld ri wkh jdph EKc  lv ghqrwhg e| QHEKc  
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Zh vd| wkdw d phfkdqlvp lpsohphqwv ). lq Qdvk htxloleulxp zkhq lw yhulhv
wkdw=
. EKc  9' >
)
. Ec   ' } E. EKc  c ; 5 H1
Ohw xv lqwurgxfh wkh phfkdqlvp K E  zklfk lpsohphqwv wkh h!flhqw vkdulqj uxoh
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Hdfk lqglylgxdo vwudwhj| vsdfh lv ghqhg e| 7 '
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/ zkhqhyhu  ' ? zh ghqh  n  '  dqg
zkhq  ' c   ' ? Hdfk lqglylgxdo vwudwhj| pd| eh lqwhusuhwhg dv d sursrvhg
oderu doorfdwlrq iru khuvhoi E dqg wkh lqglylgxdo qh{w wr khu


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1 Wklv lv d
sduwlfxodu lqvwdqfh ri d Wzhhg Ulqj phfkdqlvp81
Wkh rxwfrph ixqfwlrq lv glylghg lq wkuhh fdvhv zklfk zh ghqrwh dv uxohv=
Uxoh 4 +Xqdqlplw|,=
Li ;  5  =  ' 

3 wkhq } Er '
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 E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djhqw  lv fdoohg wkh glvvlghqw/ djhqw   lv wkh sxqlvkhg djhqw dqg wkh uhvw duh
ghqrwhg e| &c wkhq/
} Er '

%c 



c }3 Er '

fc 7

c }& Er '
#
s



c c 
32
32c
7c c c 
?
?

 %
? 2
c 
&
&
$
zkhuh % '  E
 n YsE

Y



  

3

zlwk  '



c c 
3
3c 

3c 
n
nc c 
?
?


Dqg rqo| lq wkh fdvh wkdw iurp wklv uxoh % : s



c c 
32
32c
7c c c 
?
?

wkhq/
} Er '

s



c c 
32
32c
7c c c 
?
?

c 



c }3 Er '

fc 7

c }& Er '

fc &&


8Dqrwkhu h{dpsoh ri d Wzhhg Ulqj phfkdqlvp lv gxh wr P1 Zdonhu +4<;4,1
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Uxoh 6=
Lw dssolhv zkhq zh duh qrw lq uxoh 4 qru lq 51 Ohw  ' i 5  G r ' Efc fj c
wkhq/ iru ; 5  G } Er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
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Wkh lqwhusuhwdwlrq ri wklv phfkdqlvp lv wkh iroorzlqj=
Lq Uxoh 4 hdfk lqglylgxdo lv jlyhq wkh vkduh ri wkh wrwdo rxwsxw dffruglqj wr wkh
vkdulqj uxoh 
Uxoh 5 dssolhv zkhq rqh lqglylgxdo ghyldwhv1 Qrwlfh wkdw wkh pd{lpl}dwlrq
sureohp iru wkh glvvlghqw djhqw lv
4@ 
Mdfc7o
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 E
 n YsE
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frqvlghulqj lqwhulru vroxwlrqv/ wkh uvw rughu frqglwlrq wr wklv sureohp lv d qhfhv0
vdu| frqglwlrq iru dq h!flhqw doorfdwlrq=
Y*Y%
Y*Y
'

Ys E *Y
dqg lw lv vx!flhqw li wklv htxdolw| lv yhulhg iru hyhu| djhqw1 Wkxv/ li wkh dq0
qrxqfhphqw ri wkh uhvw ri djhqwv grhv qrw ohdg wr d Sduhwr h!flhqw doorfdwlrq/ rqh
lqglylgxdo kdyh lqfhqwlyh wr ghyldwh91 Dovr/ Uxoh 5 sxqlvkhv wkh lqglylgxdo zkr
glg qrw prqlwru dghtxdwho|1 Wkh sxqlvkhg lqglylgxdo lv jlyhq khu zruvw doorfdwlrq1
Li wkh frqvxpswlrq sursrvhg e| wkh glvvlghqw lv qrw ihdvleoh/ zh jlyh klp doo wkh
rxwsxw1
Lq Uxoh 6/ wkh phfkdqlvp glylghv wkh djhqwv lqwr wzr jurxsv= wkh rqhv wkdw
frqvxph dqg gr qrw zrun/ zklfk dqqrxqfh r ' Efc f dqg wkh rqhv wkdw zrun exw
gr qrw frqvxph/ zklfk dqqrxqfh r 9' Efcf  Dv zh qh{w vkrz/ wkhuh lv dozd|v dq
djhqw ri wklv vhfrqg jurxs zlwk lqfhqwlyh wr ghyldwh wkh phfkdqlvp wr Uxoh 51
Wkhruhp 51 Li ?  /wkh phfkdqlvp K E  lpsohphqwv ). Ec   lq Qdvk
htxloleulxp1
Surri = Iluvw/ ohw xv vkrz wkdw ). Ec    } E. EK E  c  ; 5 H 
9Lw fdq eh vkrzq wkdw iru qrq lqwhulru vroxwlrqv/ uxoh 5 dovr jlyhv lqfhqwlyhv wr ghyldwh iurp
d qrq rswlpdo doorfdwlrq1
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Ohw E%c  5 ). Ec   iru vrph  5 H dqg vrph c ohw r 5 
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vxfk wkdw  ' 
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3 ; 5  1 Wkhq/
wkh rxwfrph lqgxfhg e| r lv } Er ' E%c   Zh yhuli| wkdw r 5 . EK E  c  
Li E%c  5 ). E lv dq lqwhulru vroxwlrq/ wkhq ;c  yhulhv uvw rughu rswlpdoolw|
frqglwlrqv=
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dqg vr/ li rqh djhqw ghyldwhv/ uxoh 5 dssolhv dqg wkh glvvlghqw djhqw fdq qrw jhw
dq|wklqj suhihuuhg wr E%c 

  Hyhq li E%c  5 )
. E lv d qrq lqwhulru vroxwlrq/
wkhuh lv qr glvvlghqw djhqw zklfk fdq jhw dq|wklqj suhihuuhg wr E%c 
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1
Vhfrqg/ ohw xv vkrz wkdw } E. EK E 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 ; 5 H 
Ohw r 5 . EK E  c  dqg } Er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 lv lq uxoh 4 exw E%c  *5 ). E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vxfk wkdw dw ohdvw rqh djhqw vwulfwo| lpsuryhv1 Li wklv djhqw ghyldwhv lq wkh
dqqrxqfhphqw ri wkh frpsrqhqwv ri wkh vwudwhj| vsdfh/ uxoh 5 dssolhv1 Ohw
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Vlqfh E%c  lv qrw h!flhqw/ wkhuh lv dw ohdvw rqh djhqw iru zkrp wkh pdujlqdo udwh
ri vxevwlwxwlrq lv juhdwhu +uhvshfwlyho| orzhu, wkdq wkh pdujlqdo udwh ri wudqviru0
pdwlrq/ wkhq e| dqqrxqflqj d orzhu +uhvshfwlyho| kljkhu, lqsxw frqwulexwlrq/ kh
lpsuryhv1 Wklv frqwudglfwv wkdw r 5 . EK E  c  
Fdvh 5= E%c  frphv iurp uxoh 51 Wkh sxqlvkhg lqglylgxdo  uhfhlyhv }3 Er '
fc 7

dqg wkhq/ dq| ghyldwlrq lq wkh dqqrxqfhphqw ri  c zloo lpsuryh khu=
0 Zkhq  ' 
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3 ; 5   ij c wkhq d ghyldwlrq ri djhqw    dqqrxqflqj


3 ' 

 ohdgv wr wkh xqdqlplw| uxoh1
0 Zkhq  ' 

3 ; 5  ic n j c d ghyldwlrq ri djhqw   lq wkh dqqrxqfh0
phqw ri 33 zloo ohdg wr wkh wklug uxoh1
Fdvh 6= E%c  frphv iurp uxoh 61 Wkhuhiruh/ rqh ri wkh iroorzlqj wzr fdvhv pxvw
rffxu=
Fdvh 614= wkhuh duh dw ohdvw wkuhh vxffhvvlyh glvdjuhhphqwv/ l1h1/ dw ohdvw wkuhh
vxffhvvlyh djhqwv iru zkrp=  9' 

3
Fdvh 615= wkhuh duh dw ohdvw wzr qrq0vxffhvvlyh glvdjuhhphqwv1
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qrw eh d vwudwhj| ri d Qdvk htxloleulxp1
Vxssrvh uvw wkdw r lv d Qdvk htxloleulxp vdwlvi|lqj fdvh 614=
Li ? ' c zh kdyh wkdw wkhuh duh wkuhh glvdjuhhphqwv1 Wkhuhiruh/ wkhuh duh dw
ohdvw wzr djhqwv zlwk sd|r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 Rqh ri wkhvh djhqwv/ krzhyhu/ kdyh lqfhqwlyh
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 E%c 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Wkxv/ r fdq qrw eh
d Qdvk htxloleulxp1
Li ? : c vxssrvh uvw wkdw wkhuh duh wkuhh ru pruh vxffhvvlyh djhqwv/ wkdw zh
ghqrwh e| ic 2c c j c vxfk wkdw r 9' Efc f zklfk rewdlq } Er '

fc
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q
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Zh kdyh
wkhq wkdw djhqw 5 fdq ghyldwh wr r2 ' Efc f vr wkdw wkh phfkdqlvp grhv qrw pryh
iurp uxoh 6 +wkhuh duh dw ohdvw wzr qrq0vxffhvvlyh glvdjuhhphqwv ru wkuhh vxffhvvlyh
glvdjuhhphqwv, dqg djhqw 5 lpsuryhv vlqfh kh rewdlqv wkh sd|r E%2c f zkhuh %2 :
f Wkhuhiruh/ li wkhuh lv d Qdvk htxloleulxp vdwlvi|lqj Fdvh 614/ lw fdq qrw frqvlvw ri
pruh wkdq wzr vxffhvvlyh djhqwv/ ghqrwhg e| ic 2j c zkr dqqrxqfh r 9' Efc f Zh
wkhq kdyh wkdw/ r ' E
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Krzhyhu/ djhqw 4 fdq lpsuryh ghyldwlqj wkh phfkdqlvp wr uxoh 5 e| phdqv ri
dqqrxqflqj r ' Efc 
2
2 c vlqfh wkhq kh rewdlqv wkh sd|r E%c f zlwk %  f Zh
wkhuhiruh frqfoxgh wkdw wkhuh lv qr Qdvk htxloleulxp zklfk vdwlvhv fdvh 6141
Vxssrvh vhfrqg wkdw r lv d Qdvk htxloleulxp vdwlvi|lqj fdvh 615=
Frqvlghu uvw wkdw wkhuh duh pruh wkdq wzr qrq0vxffhvvlyh glvdjuhhphqwv1
Wkhq/ wkhuh pxvw eh dw ohdvw wkuhh djhqwv vxfk wkdw r 9' Efc f czklfk rewdlq d sd|0
r ri

fc
7
q

 Fohduo|/ rqh ri wkhvh djhqwv kdyh lqfhqwlyh wr ghyldwh wr r

 ' Efcf
vlqfh uxoh 6 dovr dssolhv/ exw wkhq/ kh rewdlqv d sd|r ri E%c f zkhuh % : f1
Wkhuhiruh/ li wkhuh lv d Qdvk htxloleulxp vdwlvi|lqj fdvh 615/ lw fdq qrw frqvlvw
ri pruh wkdq wzr qrq0vxffhvvlyh djhqwv dqqrxqflqj r 9' Efc f  Wkxv/ lw vkdoo
frqvlvw ri wzr qrq0vxffhvvlyh djhqwv ic &j dqqrxqflqj r 9' Efc f c r& 9' Efcf
dqg iru ; 5   ic &j c r ' Efc f  Krzhyhu/ lw fdq qrw eh d Qdvk htxloleulxp
vlqfh djhqw  lpsuryhv prylqj wkh phfkdqlvp wr uxoh 5 e| phdqv ri dqqrxqflqj
r

 ' Efc f  Kh wkhq rewdlqv wkh sd|r E% cf zkhuh %  f
Zh wkhuhiruh frqfoxgh wkdw wkhuh lv qr Qdvk htxloleulxp lq uxoh 61 T1H1G1
Uhpdun 61 Wkh sursrvhg phfkdqlvp vdwlvhv vrph qlfh surshuwlhv1 Lqghhg/ zh
sursrvh d qdwxudo phvvdjh vsdfh zkhuh wkh dqqrxqfhphqwv duh wkh dprxqwv ri
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lqsxw frqwulexwlrqv1 Ixuwkhupruh/ sduwlflsdqwv frqwulexwh/ lq htxloleulxp/ zlwk
wkh dprxqw wkh| dqqrxqfh +d vlplodu surshuw| lv fdoohg Iruwkuljkwqhvv e| Vdlmr/
Wdwdplwdql dqg \dpdwr +4<<9,,1 Ilqdoo|/ wkh sursrvhg phfkdqlvp lv erxqghg
+vhh Mdfnvrq +4<<5,,/ dv zh kdyh douhdg| vkrzq/ wkhuh lv dozd|v d ehvw uhso| iru
hdfk djhqw1
Uhpdun 71 Rxu uhvxow lv uhodwhg wr wkdw ri Vklq dqg Vxk +4<<:,1 Wkh| vxffhhg lq
vkrzlqj d fodvv ri lqwhulru dqg h!flhqw vroxwlrqv zklfk duh grxeoh lpsohphqwdeoh
lq Qdvk dqg Vwurqj Qdvk htxloleuld1 Dowkrxjk zh gr qrw vkrz grxeo| lpsohphq0
wdwlrq/ wkh fodvv ri h!flhqw vroxwlrqv wkdw zh lpsohphqw/ dovr lqfoxghv h!flhqw
vroxwlrqv iru hfrqrplhv zlwk khwhurjhqhrxv lqsxwv1
Lw lv dovr lqwhuhvwlqj/ wkdw rxu fodvv ri h!flhqw vroxwlrqv/ duh fkdudfwhul}hg e| d
qryho surshuw| +frqwlqxlw| ri wkh vkdulqj uxoh,/ vlqfh lw lv qrw rqo| dq hdv|0fkhfnlqj
surshuw| exw dovr d phdqlqjixo surshuw| +lq wkh vhqvh wkdw lw lv frqwudfwleoh,1 Zh
frqvlghu wkdw lw hvwdeolvk vrph olqnv ehwzhhq Lpsohphqwdwlrq Wkhru| dqg Frq0
wudfw Wkhru| zlwklq wkh frpprqv sureohp/ zlwk zruwk| lpsolfdwlrqv iru ixwxuh
uhvhdufk1
61 Ilqdo Frpphqwv
Lq wklv qrwh zh kdyh vkrzq wkdw dq| frqwlqxrxv vkdulqj uxoh lv frpsdwleoh zlwk
h!flhqf| dqg lqfhqwlyhv1 Lq wklv vhqvh/ rxu uhvxowv vxjjhvw wkh h{lvwhqfh ri d odujh
ghjuhh ri iuhhgrp frqfhuqlqj lqfrph glvwulexwlrq zlwklq wkh up/ xqohvv rwkhu
frqvlghudwlrq duh lqwurgxfhg1 Vhh Frufköq dqg Sx| +4<<;, iru d vwxg| ri vkdulqj
uxohv |lhoglqj lqglylgxdoo| udwlrqdo doorfdwlrqv dqg vkdulqj uxohv wkdw dulvh iurp
yrwlqj lqvlgh wkh up1
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71 Uhihuhqfhv
0 DXPDQQ U1 M1 DQG VKDSOH\ O1 V11+4<:7,/ Ydoxhv ri Qrq0Dwrplf Jdphv
Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Q1M11
0 ELOOHUD O1 M1 DQG KHDWK G1 F1 +4<;5,/ Doorfdwlrq ri Vkduhg Frvwv= D Vhw
ri D{lrpv \lhoglqj d Xqltxh Surfhgxuh/ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/
Yro1 :/ 6506<1
0FRUFKÖQ/ O1 F1 DQG SX\/ V1 +4<<;,/ Lqglylgxdo Udwlrqdolw| dqg Yrwlqj lq
Frrshudwlyh Surgxfwlrq/ Hfrqrplfv Ohwwhuv 8</ ;60<31
0 IOHXUEDH\ P1 DQG PDQLTXHW I1 +4<<9,/ Idlu Doorfdwlrq zlwk Xqhtxdo
Surgxfwlrq Vnloov= Wkh Qr Hqy| Dssurdfk wr FrpshqvdwlrqPdwkhpdwlfdo Vrfldo
Vflhqfhv 65/ :40<61
0 JHYHUV O1 +4<;9,/ Zdoudvldq Vrfldo Fkrlfh= Vrph Vlpsoh D{lrpdwlf Ds0
surdfkhv Lq Z1 Khoohu/ hw do1/ hgv1/ Vrfldo Fkrlfh dqg Sxeolf Ghflvlrq Pdnlqj=
Hvvd|v lq Krqru ri N1 M11 Duurz1 Yro14/ <:04471 Qhz \run= Fdpeulgjh Xqlyhu0
vlw| Suhvv1
0 KROPVWURP E1 +4<;5,/ Prudo Kd}dug/ Ehoo Mrxuqdo ri Hfrqrplfv/ 46 +5,/
65706731
0 MDFNVRQ P1 R1 +4<<5,/ Lpsohphqwdwlrq lq Xqgrplqdwhg Vwudwhjlhv= D orrn
dw Erxqghg Phfkdqlvpv/ Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 8</ :8:0::81
0 PDQLTXHW I1 +4<<9,/ Doorfdwlrq Uxohv iru d Frpprqo| Rzqhg Whfkqrorj|=
Wkh Dyhudjh Frvw Orzhu Erxqg/ Mrxuqdo ri Hfrqrplf Wkhru|/ 9</ 7<3083:1
0 PDV0FROHOO D1 +4<;3,/ Uhpdunv rq wkh jdph wkhruhwlf dqdo|vlv ri d vlpsoh
glvwulexwlrq ri vxusoxv sureohp/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| </ 4580
4731
0 PLUPDQ O1 M1 DQG WDXPDQ O1M1 +4<;3,/ Wkh frqwlqxlw| ri wkh Dxpdqq0
Vkdsoh| Sulfh Phfkdqlvp/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ Yro1 </ 568057<1
0 PRXOLQ K1 +4<;:,/ Htxdo ru Sursruwlrqdo Glylvlrq ri d Vxusoxv/ dqg Rwkhu
Phwkrgv/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 49/ 49404;91
0 PRXOLQ K1 +4<<3,/ Mrlqw Rzqhuvkls ri d Frqyh{ Whfkqrorj|= Frpsdulvrq ri
Wkuhh Vroxwlrqv/ Uhylhz ri Hfrqrplf Vwxglhv/ 8:/ 76<07851
0 PRXOLQ K1 +4<<8,/ Frrshudwlyh Plfurhfrqrplf1 D Jdph0Wkhruhwlf Lqwurgxf0
wlrq1 Sulqfhwrq Xqlyhuvlw| Suhvv1
0 PRXOLQ K1 DQG URHPHU M1 H1 +4<;<,/ Sxeolf Rzqhuvkls ri wkh H{whuqdo
Zruog dqg Sulydwh Rzqhuvkls ri Vkhoi / Mrxuqdo ri Srolwlfdo Hfrqrp| <:/ 67:0
69:1
0 QHJLVKL W1 +4<93,/ Zhoiduh Hfrqrplfv dqg wkh H{lvwhqfh ri dq Htxloleulxp
47
iru d Frpshwlwlyh Hfrqrp|/ Phwurhfrqrplfd 451
0 SILQJVWHQ D1 +4<<4,/ Vxusoxv Vkdulqj Phwkrgv/ Pdwkhpdwlfdo Vrfldo Vfl0
hqfhv 54/ 5;:06341
0 URHPHU M1 H1 +4<;;,/D Sxeolf Rzqhuvkls Uhvroxwlrq ri wkh Wudjhg| ri wkh
Frpprqv/ Plphr/ Fdoliruqld1
0 URHPHU M1 H1 +4<<9,/ Wkhrulhv ri Glvwulexwlyh Mxvwlfh/ Fkdswhu 91Fdp0
eulgjh/ Pdvvdfkxvhwwv/ Orqgrq/ Hqjodq g= Kduydug Xqlyhuvlw| Suhvv1
0 URHPHU M1 H1 DQG VLOYHVWUH M1 +4<;;,/ Sxeolf Rzqhuvkls= Wkuhh Sur0
srvdov iru Uhvrxufh Doorfdwlrq/ Plphr/ Xqlyhuvlw| ri Fdoliruqld1
0 URHPHU M1 H1 DQG VLOYHVWUH M1 +4<<6,/ Wkh Sursruwlrqdo Vroxwlrq iru
Hfrqrplhv zlwk Erwk Sulydwh dqg Sxeolf Rzqhuvkls/ Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 8<+5,/ 75907771
0 VDLMR W1/ WDWDPLWDQL \1 DQG \DPDWR W1 +4<<9,/ Wrzdug Qdwxudo Lp0
sohphqwdwlrq/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 6:/ <7<0<;3
0 VDLMR W1 +4<;;, Vwudwhj| Vsdfh Uhgxfwlrq lq Pdvnlq*v Wkhruhp= Vx!flhqw
Frqglwlrqv iru Qdvk Lpsohphqwdwlrq/ Hfrqrphwulfd/ 89/ 9<60:331
0 VKLQ V1 DQG VXK V1 F1 +4<<:,/ Grxeoh Lpsohphqwdwlrq e| d Vlpsoh Jdph
Irup lq wkh Frpprqv Sureohp Mrxuqdo ri Hfrqrplf Wkhru| ::/ 53805461
0 VFKPHLGOHU G1 DQG WDXPDQ \1 +4<;<,/ Lqfhqwlyh Frpsdwleoh Frvw0
doorfdwlrq Vfkhphv/ LPZ/ zrunlqj sdshu q1 4:61 Xqlyhuvlw| ri Elhohihog/ Jhu0
pdq|1
0 VXK V1F1 +4<<8,/ DPhfkdqlvp Lpsohphqwlqj wkh Sursruwlrqdo Vroxwlrq/ Hfr0
qrplf Ghvljq/ 4/ 634064:1
0 WDXPDQ \1 +4<;;,/ Wkh Dxpdqq0Vkdsoh| Sulfhv= d Vxuyh| 1 Wkh Vkdsoh|
ydoxh= Hvvd|v lq krqru ri OOr|g V1 Vkdsoh|1 Fdpeulgjh> Qhz \run dqg Pho0
erxuqh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 5:<06371
0 ZDONHU/ P1 +4<;4,/ D Vlpsoh Lqfhqwlyh Frpsdwleoh Vfkhph iru Dwwdlqlqj
Olqgdko Doorfdwlrqv/ Hfrqrphwulfd/ 7</ 980:61
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